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This paper describes buckling modes and stresses of elastic Kelvin open-cell foams subjected to [001], [011] and [111]
uniaxial compressions. Cubic unit cells and cell aggregates in model foams are analyzed using a homogenization theory of
the updated Lagrangian type. The analysis is performed on the assumption that the struts in foams have a non-uniform
distribution of cross-sectional areas as observed experimentally. The relative density is changed to range from 0.005 to
0.05. It is thus found that long wavelength buckling and macroscopic instability primarily occur under [001] and [011]
compressions, with only short wavelength buckling under [111] compression. The primary buckling stresses under the
three compressions are fairly close to one another and almost satisfy the Gibson–Ashby relation established to ﬁt exper-
iments. By also performing the analysis based on the uniformity of strut cross-sectional areas, it is shown that the non-
uniformity of cross-sectional areas is an important factor for the buckling behavior of open-cell foams.
 2007 Elsevier Ltd. All rights reserved.
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Cellular solids are materials possessing cellular microstructures, which are seen in natural materials such as
wood, cork, sponge, cancellous bone and coral. Synthetic cellular solids made of metals, polymers, ceramics,
papers, etc. have been manufactured by mimicking nature. Foams and honeycombs are representatives of such
synthetic solids and are expected to have various engineering applications because of their low relative densi-
ties and high speciﬁc strengths (Gibson and Ashby, 1997; Ashby et al., 2000). Cellular solids generally exhibit
excellent energy absorption characteristics under compression, so that they are widely used for shock mitiga-
tion in vehicles, in packaging and in cushioning. It is therefore important to study the deformation behavior of
cellular solids under compression.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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3808 D. Okumura et al. / International Journal of Solids and Structures 45 (2008) 3807–3820Gibson and Ashby (1982) estimated the buckling collapse strength Rc of elastic foams under compression
by applying the Euler buckling theory to a cell model consisting of orthogonal struts. They thus analytically
derived1 In
lattice,
compr
2 Th
MakerRc ¼ CEs q0qs
 2
; ð1Þwhere C is a coeﬃcient, Es denotes Young’s modulus of the base solid, and q0/qs indicates the relative density.
They showed that Eq. (1) ﬁts experimental results considerably well if C  0.05, i.e.,Rc  0:05Es q0qs
 2
: ð2ÞThe above equation is therefore regarded as an experimentally veriﬁed semi-empirical relation.
The cell model of Gibson and Ashby mentioned above has a simple cell morphology that is based on
orthogonal struts with identical cross-sectional areas. The cell morphology can be rendered fairly realistic
by use of Kelvin’s tetrakaidecahedral cells, which are arranged in a body-centered cubic lattice to ﬁll the
space.1 Foams having this cell structure, which will be referred to as Kelvin foams hereafter, were analyzed
to obtain the elastic constants of open-cell foams by Zhu et al. (1997). The buckling behavior of elastic Kelvin
open-cell foams under compression has been analyzed using ﬁnite element methods by Laroussi et al. (2002),
Gong and Kyriakides (2005), Gong et al. (2005b) and Demiray et al. (2007). One of the ﬁndings in these stud-
ies is that long wavelength buckling occurs in such open-cell foams subjected to uniaxial compression in the
[001] direction, yet the buckling behaviors in other loading directions have not been analyzed. The analysis
performed by Gong and Kyriakides (2005) and Gong et al. (2005b) is regarded as an accurate one, because
they took into account the non-uniformity of strut cross-sectional areas observed experimentally (Gong
et al., 2005a). This non-uniformity was also taken into account in ﬁnite element analysis by Mills (2007). It
is then of interest to discuss the Gibson–Ashby relation (2) in light of the buckling stresses of Kelvin open-cell
foams furnished with non-uniform and uniform distributions of strut cross-sectional areas. It is also of interest
to analyze the buckling behaviors in other typical directions such as [011] and [111], which have not been
investigated yet.
It was generally proved that long and short wavelength bifurcations characterized by the Bloch wave can
occur in periodic solids, and that long wavelength bifurcation is identiﬁed with macroscopic instability if the
wavelength is inﬁnitely long (Geymonat et al., 1993).2 A two-scale theory of the updated Lagrangian type was
then developed to incrementally explore the bifurcation points and modes of periodic solids (Ohno et al., 2002;
Okumura et al., 2004). Using this theory, hexagonal and square honeycombs subjected to in-plane compres-
sion have been analyzed. For hexagonal honeycombs, short wavelength buckling primarily occurred, though
long wavelength buckling followed short wavelength buckling in elastoplastic cases (Okumura et al., 2004).
For square honeycombs, long wavelength buckling was prevalent in both elastic and elastoplastic cases (Ohno
et al., 2004; Erami et al., 2006). The multiplicity of bifurcation was also found to be important in explaining
the bifurcation modes observed in experiments (Ohno et al., 2002; Okumura et al., 2002, 2004). The two-scale
theory thus has been eﬀective for analyzing the bifurcation points and modes of periodic solids.
In this study, buckling modes and stresses of elastic Kelvin open-cell foams subjected to [001], [011] and
[111] uniaxial compressions are analyzed using the updated Lagrangian type two-scale theory developed by
Ohno et al. (2002) and Okumura et al. (2004). By supposing cubic unit cells and cell aggregates in model
foams, the analysis is performed on the assumption that the struts in foams have a non-uniform distribution
of cross-sectional areas as observed by Gong et al. (2005a). The analysis is also performed by ignoring the
non-uniformity of strut cross-sectional areas. The relative density is changed to range from 0.005 to 0.05.
The buckling stresses and modes obtained are then discussed to investigate the dependence on uniaxialthis paper, the Miller indices such as [001], [011] and [111] are used to represent directions in the Kelvin cells arranged in a bcc
as illustrated later. Accordingly, compressive loads along [001], [011] and [111] are referred to as [001], [011] and [111]
essive loads, respectively.
e correspondence of long wavelength bifurcation to macroscopic instability in laminar composites was shown by Triantafyllidis and
(1985) and Guz (1990, 1991).
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primary buckling stresses determined for the three compression directions are fairly close to one another and
justify the Gibson–Ashby relation (2) unless the non-uniformity of strut cross-sectional areas is ignored.
2. Two-scale theory
First, the updated Lagrangian type two-scale theory developed by Ohno et al. (2002) and Okumura et al.
(2004) is brieﬂy described.
2.1. Fundamental equations
If an inﬁnite, periodic body B with a unit cell Y is subjected to macroscopically uniform stress or strain, the
microscopic deformation of B can initially satisfy the so-called Y-periodicity, in which Y is the unit of peri-
odicity. However, if microscopic bifurcation occurs, the Y-periodicity may break down, resulting in a larger
periodic unit than Y. To represent such an enlarged periodic unit, a cell aggregate consisting of k unit cells, kY,
is considered, and Cartesian coordinates xi(i = 1,2,3) are set for kY in the current conﬁguration of B. Here-
after, (),i will indicate the diﬀerentiation with respect to xi, and (
) will designate the material derivative with
respect to time t. Moreover, the summation convention will be used, unless otherwise stated.
If the kY-periodicity of microscopic deformation prevails in B, velocity _ui can be decomposed into macro-
scopic part _u0i and microscopic, kY-periodic part _u

i , i.e.,_ui ¼ _u0i þ _ui : ð3Þ
Then, deﬁning strain rate as _eij ¼ 12 ð _ui;j þ _uj;iÞ gives_eij ¼ _e0ij þ _eij; ð4Þ
where _e0ij ¼ 12 ð _u0i;j þ _u0j;iÞ and _eij ¼ 12 ð _ui;j þ _uj;iÞ. It is noted that _u0i;j and _e0ij are uniform in B, whereas _ui;j and _eij
are kY-periodic.
It is assumed that each constituent of B has a hypoelastic constitutive relation_pji ¼ lijkl _uk;l; ð5Þ
where _pji denotes the nominal stress rate in the updated Lagrangian formulation, and lijkl represents micro-
scopic stiﬀness and satisﬁes lijkl = lklij. This nominal stress rate _pji is related with the material time derivative
of Cauchy’s stress rij as follows:_pji ¼ _rij þ rij _uk;k  rik _uj;k: ð6Þ
The volume average in kY in the current conﬁguration of B is represented ash#i ¼ jkY j1
Z
kY
#dY ; ð7Þwhere |kY| is the current volume of kY. Then, by using Eq. (3) and the kY-periodicity of _ui , it is shown that
h _ui;ji ¼ _u0i;j and h_eiji ¼ _e0ij. Moreover, it is shown that the microscopic relation (6) is transformed to the same
form of macroscopic relation_Pji ¼ _Rij þ Rij _u0k;k  Rik _u0j;k; ð8Þ
where _Pji ¼ h _pjii and Rij = hriji.
Transforming an equilibrium equation _pji;j ¼ 0 into a weak form, and using the kY-peridicity of _pji and _ui ,
one can show a virtual work equationh _pjid _ui;ji ¼ _Pjid _u0i;j; ð9Þ
where d _ui is any variation of _ui, and d _u0i;j ¼ hd _ui;ji. The above equation was ﬁrst suggested for composites by
Hill (1967, 1972) and later on proved for periodic solids undergoing small deformation by Suquet (1987).
Substituting Eqs. (3) and (5) into Eq. (9) provides micro/macro linking equations
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hlijpq _up;qd _ui;ji ¼ _e0klhcijkld _ui;ji; ð11Þwhere d _ui is any velocity ﬁeld satisfying the kY-periodicity, and cijkl is deﬁned by the following relation and
satisﬁes cijkl = cjikl = cijlk = cklij:cijkl ¼ lijkl  dikrjl: ð12Þ
From here on, dij will indicate Kronecker’s delta. Eq. (10) is the volume average of the microscopic constitu-
tive relation (5) and thus can be regarded as a macroscopic constitutive relation. Eq. (11) is the boundary value
problem to determine the current ﬁeld of _ui in kY, _u

i ðx; tÞ, induced by _e0klðtÞ.
Eq. (11) relates _ui linearly with _e
0
kl. Eq. (11) thus has the following fundamental solution, as was shown in
linear elasticity (e.g., Bensoussan et al., 1978; Sanchez-Palencia, 1980):_ui ¼ vkli _e0kl: ð13Þ
The function vkli in the above equation is symmetric and determined by solvinghlijpqvklp;qd _ui;ji ¼ hcijkld _ui;ji: ð14Þ
Eq. (10) then becomes_Pji ¼ LHijkl _u0k;l; LHijkl ¼ hlijkl þ lijpqvklp;qi: ð15Þ
It is shown that LHijkl ¼ LHklij.
2.2. Microscopic bifurcation
At the onset of microscopic bifurcation, the fundamental solution (13) becomes a particular solution, as Eq.
(11) comes to have the eigensolution(s) /ðrÞi determined byhlijpq/ðrÞp;qd _ui;ji ¼ 0; r ¼ 1; 2; . . . ;m; ð16Þ
where m denotes the degree of multiplicity. Eq. (11) thus has a bifurcated solution_ui ¼ vkli _e0kl þ
Xm
r¼1
jðrÞ/ðrÞi ; ð17Þwhere j(r)(r = 1,2, . . . ,m) are constants. It is shown that /ðrÞi satisﬁes orthogonalityhlijkl/ðrÞi;j i ¼ 0; r ¼ 1; 2; . . . ;m: ð18Þ
The above orthogonality gives the following consequence. The bifurcated solution (17) and orthogonality
(18) provide Eq. (10) with the same form as that by the fundamental solution (13), so that the macroscopic,
incremental constitutive relation (15) remains valid at the onset of microscopic bifurcation. In other words,
/ðrÞi has no contribution to the macroscopic increments at any microscopic bifurcation point. Orthogonality
(18) thus allows /ðrÞi and _e
0
kl to be independent of each other in Eq. (17).
2.3. Macroscopic instability
Macroscopic instability occurs, if the homogenized incremental modulus LHijkl given by Eq. (15)2 has a loss
of ellipticity. This onset condition of macroscopic instability is examined by introducing the acoustic tensor
deﬁned as (e.g., Rice, 1976)Aik ¼ LHijkln0j n0l ; ð19Þ
where n0i indicates the unit normal to a macroscopic plane. Then, the instant a direction g
0
k is found to satisfyAikg0k ¼ 0; ð20Þ
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0
l . Thus, the condition of macroscopic insta-
bility is expressed asTable
Cartes
Direct
[001]
[011]
[111]detA ¼ 0: ð21Þ
Here it is stated again that microscopic bifurcation in periodic solids has the Bloch wave property, and that
microscopic bifurcation with an inﬁnitely long wavelength is identiﬁed with macroscopic instability (Geymo-
nat et al., 1993); as a result, the onset point of long wavelength microscopic bifurcation approaches the onset
point of macroscopic instability as the wavelength increases, as was demonstrated for square honeycombs
(Ohno et al., 2004; Erami et al., 2006).
3. Open-cell model foams and cubic unit cells
Fig. 1(a) illustrates the open-cell model foams analyzed, in which Kelvin’s tetrakaidecahedral cells are peri-
odically arranged in a body-centered cubic lattice. The model foams are supposed inﬁnitely large and sub-
jected to uniaxial compression in a direction ﬁxed in the space. By orienting the x3-axis to the direction of
uniaxial compression (Fig. 1(b)), the loading condition is expressed as_e033 < 0; _R11 ¼ _R22 ¼ _R12 ¼ _R23 ¼ _R31 ¼ 0: ð22Þ
The analysis in this study was performed for three typical compression directions, [001], [011] and [111], for
which the x1-, x2- and x3-axis were oriented as shown in Table 1.
The model foams mentioned above have a cubic unit cell Ycu, shown in Fig. 2(a), owing to the periodicities
along [100], [010] and [001]. This type of unit cell was employed by Gong and Kyriakides (2005) and Gong
et al. (2005a,b). As seen in Fig. 2(a), a junction is formed by four connecting struts, which have a non-uniform
distribution of triangular cross-sectional areas. This kind of junction has been observed experimentally
(Thomas et al., 1998; Gong et al., 2005a; Mills, 2007). Fig. 2(b) and (c) illustrate the strut–junction connection
and their shapes assumed in this study; each strut is expressed using two truncated tetrahedrons and one tri-
angular bar, and each junction is comprised of two regular square pyramids. Then, since one Ycu contains 24
struts and 24 pyramids, the relative density q0/qs is represented asq0
qs
¼ 8
l3cu
25=4A3=21 þ ðl1  l2Þ A1 þ A1=21 A1=22 þ A2
 
þ 3A2l2
h i
; ð23ÞFig. 1. Kelvin open-cell foam; (a) microstructure and (b) coordinate axes.
1
ian coordinate axes for [001], [011] and [111] compressions
ion of compression x1-axis x2-axis x3-axis
[100] [010] [001]
[100] ½011 [011]
½101 ½121 [111]
Fig. 2. (a) Cubic unit cell Ycu, (b) strut–junction connection and (c) shape of struts and junctions.
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(Fig. 2(c)). It is shown that lcu, l1 and A1 satisfy a geometric relationTable
Geom
q0/qs
0.005
0.010
0.020
0.050
Table
Geom
q0/qs
0.005
0.010
0.020
0.050lcu ¼ 23=2 l1 þ 21=4A1=21
 
: ð24ÞIf the struts have a uniform distribution of cross-sectional areas (i.e., A1 = A2), Eq. (23) is reduced toq0
qs
¼ 8
l3cu
25=4A3=21 þ 3A1l1
h i
: ð25ÞFrom now on, the foams with non-uniform and uniform distributions of strut cross-sectional areas will be
referred to as non-uniform and uniform (cross-section) models, respectively.
The values of q0/qs, l2/l1, A2/A1, etc. employed for the non-uniform and uniform models in this study are
listed in Tables 2 and 3. As shown in the tables, it is assumed that the non-uniform model has l2/l1 = 0.5 and
A2/A1 = 0.15 based on the experimental measurements of Gong et al. (2005a), while the uniform model has
A2/A1 = 1 as mentioned above. The non-uniform and uniform models then have the microstructures in Ycu
as depicted in Fig. 3(a) and (b), respectively, in which the struts and the junctions are divided into 8-noded
non-conforming solid elements. The total numbers of nodes and elements in Ycu are 8970 and 5424, respec-
tively, in the ﬁgures. The same numbers of nodes and elements in Ycu were used for all values of q0/qs in
the analysis.
It is supposed that the foams are made of a base solid which obeys a hypoelastic relationsij
 ¼ ceijkl _ekl; ð26Þwhere sij

indicates the Jaumann rate of the relative Kirchhoﬀ stress, and2
etric parameters of struts and junctions (non-uniform model)
l2/l1 A2/A1 l1/lcu A1=l
2
cu
0.5 0.15 0.3065 0.156 · 102
0.5 0.15 0.2885 0.299 · 102
0.5 0.15 0.2641 0.566 · 102
0.5 0.15 0.2189 1.282 · 102
3
etric parameters of struts and junctions (uniform model)
l2/l1 A2/A1 l1/lcu A1=l
2
cu
– 1 0.3243 0.061 · 102
– 1 0.3119 0.123 · 102
– 1 0.2941 0.250 · 102
– 1 0.2579 0.648 · 102
Fig. 3. Microstructures divided into ﬁnite elements in Ycu of q0/qs = 0.01; (a) non-uniform model and (b) uniform model.
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Es
2ð1þ msÞ dikdjl þ dildjk þ
2ms
1 2ms dijdkl
 
: ð27ÞHere, Es and ms are elastic constants. With xij ¼ ð _ui;j  _uj;iÞ=2, sij is deﬁned as
sij
 ¼ _rij þ rij _uk;k  xikrkj þ rikxkj: ð28ÞThen, using Eqs. (5), (6), (26) and (28), it is shown that lijkl is expressed aslijkl ¼ ceijkl 
1
2
ðrikdjl þ rildjk  dikrjl þ dilrjkÞ: ð29ÞIn the analysis, Es was employed to non-dimensionalize stresses, and ms was taken to be equal to 0.3.
4. Macroscopic instability analysis
Macroscopic instability was ﬁrst analyzed to investigate the possibility of long wavelength buckling in the
non-uniform and uniform models described in the last section.
4.1. Method of analysis
The analysis was incrementally performed. In every increment of uniaxial compression, the homogenized
modulus LHijkl was computed by applying Eqs. (8), (13), (14), (15) and (22) to the cubic unit cells of the two
models, and the macroscopic instability condition (21) was examined. The boundary value problem (14)
was solved using a ﬁnite element method, as was described in detail by Ohno et al. (2002) and Okumura
et al. (2004). The macroscopic instability condition (21) was checked with respect to all possible macroscopic
planes by changing the angles u(0 6 u 6 p/2) and h(0 6 h 6 p) in the following equations, which represent the
macroscopic plane unit normal n0i in the xi-coordinate system:n01 ¼ sinu cos h; n02 ¼ sinu sin h; n03 ¼ cosu; ð30Þ
where u is the angle made by the unit normal n0i and the direction of uniaxial compression.
4.2. Results of analysis
Fig. 4 shows the macroscopic instability points found in the macroscopic instability analysis performed for
the two models of q0/qs = 0.01. As seen from the ﬁgure, the two models gave quite diﬀerent results. When the
non-uniform model was employed, the macroscopic instability condition (21) was satisﬁed under [001] and
[011] compressions before e033 ¼ 2:0. The uniform model, on the other hand, allowed the condition to be ful-
ﬁlled only under [011] compression within the stress and strain ranges of the ﬁgure. Macroscopic instability
under [011] compression was thus common to the two models. However, the compressive stress at the onset of
Fig. 4. Macroscopic instability points by non-uniform and uniform models of q0/qs = 0.01 under [001], [011] and [111] compressions.
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using the non-uniform and uniform models, respectively. In other words, the macroscopic instability condition
was satisﬁed much earlier in the non-uniﬁed model than in the uniﬁed model under [011] compression. We
therefore can say that the non-uniformity of strut cross-sectional areas is an important factor for the stability
of open-cell foams.
Fig. 5(a) and (b) illustrate the dependence of detA on u and h just before the onset of macroscopic insta-
bility in the non-uniﬁed model under [001] and [011] compressions, respectively. It is seen from the ﬁgures
that detA took minimums when u = 0 under the two compressions. This means that the macroscopic insta-
bility condition (21) was ﬁrst satisﬁed when the macroscopic plane normal n0i was parallel to the direction of
uniaxial compression. Then, by solving Eq. (20) for g0k at the onset points of macroscopic instability under
[001] and [011] compressions, what follows were found. Under [001] compression, macroscopic instability
occurred with respect to any linear combination of macroscopic velocity gradients _u01;3 and _u
0
2;3, i.e.,
LH1313 ¼ LH2323 ¼ 0. Under [011] compression, on the other hand, it occurred with respect to _u01;3, i.e.,
LH1313 ¼ 0. Here it is emphasized that the subscript 3 indicates the direction of uniaxial compression. Thus, a
shear type of macroscopic instability was induced in the non-uniform model subjected to [001] and [011]
compressions.
Let us remember that macroscopic instability of periodic solids is identiﬁed with microscopic bifurcation
with an inﬁnitely long wavelength (Geymonat et al., 1993). The results above then suggest that long wave-
length buckling can occur in the non-uniform model under [001] and [011] compressions and also in the
uniform model under [011] compression.Fig. 5. Dependence of detA on u and h just before the onset of macroscopic instability in non-uniform model of q0/qs = 0.01; (a) [001]
compression and (b) [011] compression.
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Microscopic bifurcation analysis of the model foams was performed subsequently to the macroscopic insta-
bility analysis discussed in the preceding section. Cell aggregates were introduced as periodic units for that
bifurcation analysis, because long wavelength buckling was suggested by the macroscopic instability analysis.
In this section, after describing the cell aggregates, the buckling behaviors under [001], [011] and [111] com-
pressions are discussed based on the results of microscopic bifurcation analysis.
5.1. Cell aggregates as periodic units and method of analysis
The following three types of cell aggregates were employed as periodic units in the microscopic bifurcation
analysis: Y ð3DÞN , Y
½0 0 1
N and Y
½0 1 1
N , which are aggregates of Ycu as illustrated in Fig. 6(a)–(c). The periodic unit
Y ð3DÞN contains N
3 Ycus. This periodic unit allows us to ﬁnd microscopic bifurcation that has the k[1 0 0]Ycu-,
k[0 1 0]Ycu- and k[0 0 1]Ycu-periodicities along [100], [010] and [001], if N is taken to be equal to the least com-
mon multiple of k[1 0 0], k[0 1 0] and k[0 0 1]. On the other hand, Y
½0 0 1
N and Y
½0 1 1
N are eﬀective for ﬁnding micro-
scopic bifurcations that have long wavelengths along [001] and [011], respectively. The periodic condition
for Y ½0 1 1N is explained in Appendix A.
The microscopic bifurcation analysis was also incrementally performed using a ﬁnite element method based
on the two-scale theory outlined in Section 2, as was described by Ohno et al. (2002) and Okumura et al.
(2004). Microscopic bifurcation points and modes were determined by examining Eq. (16) in every increment
of uniaxial compression. Eq. (16) was solved using the substructure method (e.g., Zienkiewicz and Taylor,
2000), by which each Ycu was regarded as a substructure to decrease computational loads (Okumura et al.,
2004).
5.2. Results of analysis (non-uniform model)
The microscopic bifurcation points obtained for the non-uniform model are indicated in Figs. 7 and 8, from
which the following ﬁndings are seen. Under [001] and [011] compressions, the microscopic bifurcation con-
dition was satisﬁed at lower stresses with increasing number of cells in Y ð3DÞN , Y
½0 0 1
N and Y
½0 1 1
N (Figs. 7 and 8).
The bifurcation stresses provided by Y ½0 0 116 and Y
½0 1 1
16 were almost equal to the macroscopic instability stresses
under [001] and [011] compressions, respectively (Fig. 8). It follows from these results that long wavelength
buckling occurred in the non-uniform model under [001] and [011] compressions. It is further seen from
Fig. 8 that Y ð3DÞN and Y
½0 0 1
N (N = 2,4) provided the same buckling stresses under [001] compression, suggesting
long wavelength buckling modes along [001]. Fig. 9(a) shows this class of buckling mode, which was obtained
using Y ½0 0 116 . It is noted that the buckling mode is of a shear wave type, which is in accordance with the shear
type of macroscopic instability pointed out in Section 4. Under [011] compression, Y ð3DÞ4 and Y
½0 1 1
2 gave the
same buckling stress (Fig. 8), which is attributable to a long wavelength buckling mode along [011] as sche-Fig. 6. Illustration of cell aggregates Y ð3DÞN , Y
½0 0 1
N and Y
½0 1 1
N with N = 4.
Fig. 7. Microscopic bifurcation points determined by use of Y ð3DÞN for non-uniform model of q0/qs = 0.01.
Fig. 8. Dependence of microscopic bifurcation stress on the size number N of periodic units under [001] and [011] compressions; non-
uniform model, q0/qs = 0.01.
Fig. 9. Buckling modes of non-uniform model of q0/qs = 0.01; (a) Y
½0 0 1
16 under [001] compression and (b) Y
½0 1 1
16 under [011] compression.
3816 D. Okumura et al. / International Journal of Solids and Structures 45 (2008) 3807–3820matically illustrated in Fig. 10. An example of this class of long wavelength buckling mode is depicted in
Fig. 9(b). The mode is also of a shear wave type. Under [001] and [011] compressions, thus, the non-uniform
model had the shear wave type of long wavelength buckling that was oriented in the loading direction.
Fig. 10. Schematic illustration of buckling mode common to Y ð3DÞ4 and Y
½0 1 1
2 under [011] compression.
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[001] compression (Laroussi et al., 2002; Gong and Kyriakides, 2005) and for square honeycombs under [001]
compression (Ohno et al., 2004; Erami et al., 2006).
Under [111] compression, an identical bifurcation point was found using the non-uniform model, though
the number of cubic unit cells in Y ð3DÞN was increased from N
3 = 63 (Fig. 7). Here it should be recalled that
[111] compression led to no macroscopic instability point, suggesting no long wavelength bifurcation (Section
4). It is then clear that the microscopic bifurcation in the non-uniform model under [111] compression had a
short wavelength. Fig. 11(a) shows the buckling mode of Y ð3DÞ1 computed for the non-uniform model subjected
to [111] compression; for reference, the conﬁgurations of Y ð3DÞ1 just before the onset of buckling and in the
initial state are depicted in Fig. 11(b) and (c), respectively. The six petals in Y ð3DÞ1 had two diﬀerent shapes
in the buckling mode (Fig. 11(a)), while they had an identical shape just before the onset of buckling
(Fig. 11(b)). The buckling behavior of the non-uniform model under [111] compression was thus completely
diﬀerent from those under [001] and [011] compressions. It must be, however, pointed out that the shortFig. 11. View of Y ð3DÞ1 or Ycu; non-uniform model, q0/qs = 0.01; (a) buckling mode under [111] compression, (b) conﬁguration just before
buckling under [111] compression and (c) initial conﬁguration.
Fig. 12. Microscopic bifurcation points determined by use of Y ð3DÞN for uniform model of q0/qs = 0.01.
3818 D. Okumura et al. / International Journal of Solids and Structures 45 (2008) 3807–3820wavelength buckling stress determined for the non-uniform model under [111] compression was fairly close to
the macroscopic instability stresses of that model under [001] and [011] compressions (Fig. 7).5.3. Results of analysis (uniform model)
Fig. 12 shows the microscopic buckling points determined for the uniform model by use of Y ð3DÞN . As seen
from the ﬁgure, long wavelength buckling occurred under [011] compression, in accordance with the result of
macroscopic instability analysis (Fig. 4). It is, however, emphasized that neither [001] nor [111] compression
caused microscopic buckling of the uniform model within the stress and strain ranges of Fig. 12. Microscopic
buckling was therefore found to be much less signiﬁcant in the uniform model than in the non-uniform model.6. Comparison to Gibson–Ashby relation
As was shown in Sections 4 and 5, macroscopic instability or inﬁnitely long wavelength buckling primarily
occurred in the non-uniform model under [001] and [011] compressions and in the uniform model under [011]
compression, and only short wavelength buckling happened in the non-uniform model under [111] compres-
sion. The buckling stresses determined for these primary buckling modes are plotted against q0 /qs and com-
pared to the Gibson–Ashby relation (2) in Fig. 13. As seen from the ﬁgure, the buckling stresses attained in the
present analysis provide compressive strength Rc with the proportionality to Es(q0/qs)
2 as expressed in Eq. (1),Fig. 13. Relation between buckling stress Rc and relative density q0/qs.
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of struts is eﬀective for the buckling modes of elastic Kelvin open-cell foams. However, since a simple cell
model was employed to derive Eq. (1), the coeﬃcient in this equation was determined by ﬁtting several exper-
iments, as was remarked in Section 1. The resulting equation, Eq. (2), is thus regarded as an experimentally
veriﬁed semi-empirical relation. As demonstrated in Fig. 13, the primary buckling stresses by the non-uniform
model almost satisfy Eq. (2), whereas the uniform model gives a considerable deviation from Eq. (2). We
therefore can say that the compressive strength of open-cell foams has been successfully evaluated by analyz-
ing macroscopic instability and short wavelength buckling of the non-uniform model.
7. Conclusions
In this study, buckling modes and stresses of elastic Kelvin open-cell foams under [001], [011] and [111]
uniaxial compressions were analyzed using the updated Lagrangian type two-scale theory developed by Ohno
et al. (2002) and Okumura et al. (2004). To this end, we considered two kinds of model foams referred to as
non-uniform and uniform models, which were, respectively, based on non-uniform and uniform distributions
of strut cross-sectional areas. The shape of struts in the non-uniform model was designed by consulting the
experimental measurements of Gong et al. (2005a). Then, cubic unit cells of the two models were subjected
to macroscopic instability analysis, and subsequently microscopic bifurcation analysis was performed by
introducing three types of cell aggregates as periodic units. Those two kinds of analysis gave the following
ﬁndings:
(1) Macroscopic instability or inﬁnitely long wavelength buckling primarily occurred in the non-uniform
model under [001] and [011] compressions and in the uniform model under [011] compression, while
only short wavelength buckling happened in the non-uniform model under [111] compression.
(2) The onset stresses of primary buckling modes obtained for the non-uniform model under [001], [011]
and [111] compressions were fairly close to one another and almost satisﬁed the relation (2), which
was derived based on a simple model and experiments by Gibson and Ashby (1982).
(3) The non-uniformity of strut cross-sectional areas is an important factor for the buckling behavior of
open-cell foams, because the uniform models gave a limited possibility of microscopic buckling and pro-
vided buckling stress with a considerable deviation from the relation (2).
The above ﬁndings were obtained with respect to the relative densities ranging from 0.005 to 0.05 in this
study. It will be of interest to examine the ﬁndings for the relative densities larger than 0.05 in a future work.Fig. 14. Pair of facets in Y ½0 1 13 based on periodicities along [011] and ½011.
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½0 1 1
N
Fig. 14 illustrates Y ½0 1 13 as an example of Y
½0 1 1
N . The periodicity of /
ðrÞ
i to solve Eq. (16) is imposed on the
following pairs of facets of Y ½0 1 13 : (S1, S
0
1) due to the periodicity along [011], (Si, S
0
i) (i = 3, . . . , 7) due to the
periodicity along ½011, and (S2, S02). The last pair results from (S2, S002) and (S002, S02) which are consequences of
the periodicities along ½011 and [011], respectively. It is also necessary to impose the periodicity of /ðrÞi on the
opposing facets perpendicular to [100].
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